We study, analytically and numerically, the effect of frequency detunings and relaxation processes in laser media on stability and bifurcations of dissipative optical localized structures ͑DOLS's͒ in a transversely one-dimensional laser with a saturable absorber. The approximate envelope equation, with an intensity dependent effective coefficient of the diffusion, is derived. Andronov-Hopf bifurcations resulting from frequency detuning and leading to oscillatory DOLS's are analyzed numerically. A numerical and analytical study of bifurcations of transversely motionless DOLS's in a laser with finite relaxation rates of amplifying and absorbing media is performed. New types of DOLS's are found, including those moving with a large transverse velocity and those moving with a periodically oscillating transverse velocity. Hysteresis between different types of DOLS's is demonstrated.
I. INTRODUCTION
Dissipative localized ͑solitonlike͒ structures of laser radiation are of particular interest because they represent selforganization in dissipative nonlinear systems with energy exchange ͓1,2͔, and are promising for applications in optical data processing ͓3͔. The term ''dissipative,'' in contrast to ''conservative,'' underlines a key part of the energy flows in systems with radiation sinks ͑losses͒ and sources ͑external radiation injection or pumping͒. While conservative solitons in transparent nonlinear media ͑e.g., solitons of the nonlinear Schrödinger equation ͓4͔͒ have a continuous spectrum of their parameters, including the peak intensity, a spectrum of the main characteristics of the dissipative optical localized structures ͑DOLS's or ''autosolitons''͒ is discrete, since the condition of balance between losses and pumping is fulfilled only for some definite values of the radiation intensity. Therefore, the physics of the DOLS's differs essentially from that of the conservative solitons. As for applications, the effect of noise and the drift of parameters are significantly reduced for the DOLS's, resulting in their robustness and extreme stability.
In optics, stationary and pulsating dissipative localized structures were first predicted theoretically ͓5,6͔ and found experimentally ͓7,8͔ for passive nonlinear systems, such as wide-aperture nonlinear interferometers driven by external radiation ͑see also Ref. ͓9͔ and Ref. ͓3͔ , and references therein͒. Due to the important role of diffraction in their formation, these structures were called ''diffractive autosolitons.'' Diffusive autosolitons were investigated earlier in various physical, chemical, and biological systems ͓10,11͔. Mathematical aspects of theory of similar structures were also studied without any reference to optical problems ͑see Refs. ͓12,13͔, and references therein͒. Specific features of DOLS's in conditions of ''nascent'' bistability were considered in Ref. ͓14͔ . Different applications of the DOLS's to information processing were proposed, including a shift register and full adder ͑see Refs. ͓9͔ and ͓15͔. In experiment, a scheme of multichannel optical memory was demonstrated in Refs. ͓7,8͔.
Similar types of DOLS's-the so-called ''laser autosolitons''-were first predicted in Ref. ͓16͔ . In this paper localized structures of laser radiation were theoretically found in a model of a wide-aperture laser with a saturable absorber under bistability conditions. Recently such structures, with a hard type of excitation, were observed experimentally in a cavity with photorefractive crystals that served as gain and loss elements ͓17,18͔, and in a dye laser with bacteriorhodopsin as a saturable absorber ͓19͔. In subsequent studies different types of laser DOLS's were found and investigated: geometrically one-dimensional ͑1D͒, ͑2D͒, and ͑3D͒, stationary and pulsating, motionless and moving, radially symmetric and rotating, with high-order topological indices, and solitary and coupled ͓20,21,9,3,22͔.
In the case of fast nonlinearity the governing equations for cavity systems with diffraction and for continuous media with frequency dispersion are equivalent. Therefore, temporal DOLS's in a single-mode nonlinear fiber with saturable gain and losses are mathematically equivalent to 1D spatial cavity DOLS's in a laser with a saturable absorber ͑see Ref. ͓9͔ and Ref. ͓3͔ , and references therein͒. In Ref. ͓23͔ a specific case of a fiber with large frequency detunings, dominating a dispersive type of inertionless optical nonlinearity, was considered. For practical purposes, detunings between the radiation carrier frequency and the frequencies of amplification and absorption spectral line centers cannot be too large. Otherwise the radiation amplification would not be efficient.
An essential limitation of the existing theory of laser DOLS's is the lack of a systematic study of the effect of frequency detunings and relaxation times of the active and passive media on the DOLS properties. Most previous studies were performed under the assumption that relaxation processes in the laser media can be neglected. However, our recent numerical study ͓24͔ showed that even the very small relaxation times of the media drastically change the proper-ties of the DOLS's, including their symmetry features, stability, spectrum of characteristics, etc. In experiments ͓17-19͔, a saturable absorber is characterized by very large relaxation times ͑in the range of seconds͒, much greater than the cavity relaxation time. In Ref. ͓25͔ a different type of DOLS's corresponding to an opposite case of a very long relaxation time of an active medium, was studied in a laser without a saturable absorber. However, these structures are unstable because of the growth of initially small perturbations at the structure periphery ͓3͔.
The goal of this paper is to study the stability and bifurcations of localized structures ͑''laser DOLS's''͒ in a wideaperture laser with a saturable absorber, taking into account the effect of frequency detunings and population relaxation processes ͑a class B laser͒. We consider the simplest case of 1D DOLS's corresponding to a single mode regime for one of the two transverse coordinates. The bifurcation approach used here is similar to that developed earlier for class A lasers in Ref.
͓26͔.
Starting with Maxwell-Bloch equations and assuming small relaxation times, in Sec. II we derive approximate envelope equations for a wide-aperture laser with a saturable absorber. The simplest ͑plane-wave monochromatic͒ solutions of these equations are analyzed in Sec. III. In Sec. IV we consider laser DOLS's for the case of media inertionless nonlinearity; the effect of frequency detunings on the DOLS bifurcations is investigated. Section V is devoted to the effect of population relaxation rates on the DOLS stability and bifurcations. The stability domains of different types of DOLS's are given, and various hysteretic phenomena resulting from overlapping of these domains are described. Conclusions are given in Sec. VI.
II. LASER MODEL
We consider a wide-aperture laser with an intracavitary saturable absorber. In the mean-field approximation ͓27͔ valid for the case of small changes of the radiation field per one cavity roundtrip, the Maxwell-Bloch equations have the forms
͑2.1b͒
1d͒
Here E is the dimensionless complex electric field envelope; g (a) is the population difference in an active ͑passive͒ medium; and g 0 and a 0 are stationary values of the population differences in the absence of the laser field (Eϭ0), which are proportional to small signal coefficients of gain and absorption, respectively. The time t is normalized by the cavity relaxation time, and x is the dimensionless transverse coordinate normalized by the width of the effective Fresnel zone
where L c is the cavity length, k 0 is the light wave number, and R is the product of the cavity mirror coefficients of reflection. The ratio parameter bϭ a Ќa a 2 /( g Ќg g 2 ) measures the relative saturability of active and passive media. Here g,a are the atomic dipole momenta, and Ќg,Ќa , g,a are the relaxation times for atomic polarizations and population differences divided by the cavity relaxation time. P g,a are the envelopes of atomic polarizations, and ⌬ g ϭ( g Ϫ c ) Ќg and ⌬ a ϭ( a Ϫ c ) Ќa are dimensionless detunings between the gain ͑absorption͒ spectral line center g,a and the frequency of empty cavity mode c . Model ͑2.1͒ corresponds to the case of homogeneous spectral broadening; particle diffusion is neglected here. We consider a wideaperture laser with a planar cavity width much greater than X F .
Let us consider a class B laser for which the media polarization relaxation times are much smaller than the cavity relaxation time, while the population relaxation times g,a are in general large enough: Ќg,Ќa Ӷ1. Using the approach developed in Ref. ͓28͔, we take into account the effects of polarization relaxation in the first-order approximation in Ќg,Ќa only. In zeroth order, polarization is determined by equating the left hand side of Eq. ͑2.1d͒ to zero: P g (0) ϭ(1 ϩi⌬ g ) Ϫ1 gE. Up to the first-order terms in Ќg , from Eq. ͑2.1d͒ we obtain
Similar relations are valid for a passive medium. Substituting Eq. ͑2.2͒ into Eq. ͑2.1a͒, we keep only the first-order terms in Ќg,Ќa before the second derivative on x. Moreover, we neglect the imaginary parts of these terms acting as small perturbations to the diffraction coefficient. These assumptions are justified, because it is precisely the real part of these terms that gives an effective coefficient of diffusion, which has a critical effect on the stability of spatially homogeneous regimes ͓28͔. Finally we obtain the following system of equations governing the evolution of the transverse field distribution in a class B laser with a saturable absorber:
where Iϭ͉Ē ͉ 2 is the laser field intensity for a normalized amplitude Ē ϭE/ͱ1ϩ⌬ g 2 ; and ḡ ϭg/(1ϩ⌬ g 2 ) and ā ϭa/(1 ϩ⌬ a 2 ) are the saturated gain and absorption coefficients at the cavity frequency. Since one has to use saturated values of populations in Eq. ͑2.4͒, the diffusion coefficient dϭd(I) in Eq. ͑2.3a͒ is intensity dependent. The normalized linear gain and absorption coefficients, ḡ 0 and ā 0 , and the ratio of the saturation intensities b at the cavity frequency are defined by
In the limit of inertionless media ( g,a →0) we find, from Eqs. ͑2.3b͒ and ͑2.3c͒,
͑2.6͒
Then Eqs. ͑2.3a͒ and ͑2.4͒ are reduced to a single equation for the electric field envelope:
where
͑2.8b͒
Note that unlike the amplitude equations of GinzburgLandau type, where f (I) and d(I) are expanded in power series, Eq. ͑2.7͒ is valid not only in a small vicinity of the bistability threshold. Therefore, Eq. ͑2.7͒ describes a wider domain of DOLS stability, and is more adequate to the experimental situation. The next simplification is to neglect the intensity dependence of the diffusion coefficient d in Eq. ͑2.7͒. A justification of this assumption will be given in Sec. V C. Note that when the diffusion coefficient defined by Eq. ͑2.8b͒ is not positive, additional terms with fourth-order derivatives must be included in Eq. ͑2.2͒ ͓28͔.
In the simplest case, when the small diffusion coefficient is neglected (dϭ0), instead of Eq. ͑2.7͒ we have
Equations ͑2.3a͒, ͑2.4͒, and ͑2.9͒ are invariant under a phase shift of the field envelope, translations, and reflections in space. These symmetries are defined by the transformations
with arbitrary and h.
Moreover, Eq. ͑2.9͒ describing a laser with inertionless media exhibits additional symmetry with respect to ''Galilean transformation'' to a reference frame moving in the transverse direction with velocity v:
This means that any motionless solution of Eq. ͑2.9͒ generates a family of uniformly moving field distributions, each characterized by some value of the velocity v ͑a continuous spectrum of v). For nonzero values of the relaxation times g,a , symmetry ͑2.11͒ is broken and, hence, DOLS's cannot travel with an arbitrary constant velocity. In this case uniformly moving DOLS's are expected to have zero velocity or some fixed nonzero velocity.
III. MONOCHROMATIC PLANE-WAVE SOLUTIONS
Stationary spatially homogeneous solutions of Eqs. ͑2.1͒ are obtained by equating their right hand sides to zero. After the substitutions
E͑x,t ͒→e
Ϫit ͱ Ĩ,
where ĨϭI(1ϩ⌬ g 2 ) is proportional to a plane wave intensity and is the wave frequency shift with respect to the cavity eigenfrequency, we obtain
͑3.1͒
For class B lasers ( Ќg →0, Ќa →0), the complex equation ͑3.1͒ is separated into two real equations for the wave intensity I and the frequency shift :
where f (I) is defined in Eq. ͑2.8a͒. In doing so we neglect off-resonant solutions ͓29͔ and take into account the resonant ones only. Generally for the latter solutions the frequency shift differs from zero only for nonzero values of frequency detunings ⌬ g,a . Using the rescaled media parameters ͑2.5͒ evaluated at the cavity eigenfrequency, it is possible to solve equations ͑3.2͒ for arbitrary values of detunings ⌬ g,a in the same way as for zero detunings. Two solutions of the corresponding quadratic equation for I, if they exist and are positive, determine the upper and intermediate intensity branches ͑see Fig. 1͒ . Their stability will be discussed later. The lower branch corresponds to the nonlasing regime, I ϭ0. Hysteresis takes place in the range g down Ͻḡ 0 Ͻg up .
Here g up ϭ1ϩā 0 is the linear lasing threshold, and g down
is the threshold value of the absorption coefficient. Bistability exists if the two conditions are satisfied: ͑i͒ saturation intensity for a passive medium is less than that for an active medium, b Ͼ1; and ͑ii͒ the linear absorption coefficient is large enough, ā 0 Ͼa thr . In Fig. 2 the boundaries of bistability domain are shown in the ͕⌬ g , ⌬ a ͖ plane. They are determined by the equation
, which can be resolved with respect to ⌬ g 2 . As a result, the condition of the lasing breakdown is represented by a straight line in the plane of detunings squared:
In the ͕⌬ g , ⌬ a ͖ plane this boundary is given by curve 2. The equation for the lasing threshold determines a hyperbola, or curve 1 in Fig. 2 :
Equations ͑3.3͒ and ͑3.4͒ are tangent to one another at the symmetrical points D(⌬ g ,⌬ a ):
In the domain of small detunings, bounded by curves 1 and 2, the absorptive mechanism of nonlinearity has a dominant role. The transition from small to large detunings corresponds to a transition from absorptive to dispersive types of nonlinearity. However, bistability is absent in areas of large detunings, between curves 1 and 2, because the necessary condition of bistability, I down Ͼ0, or ā 0 ϭa 0 /(1ϩ⌬ a 2 ) Ͼa thr , is not fulfilled there. As follows from Fig. 2 , the last condition also depends on the detunings. The dashed lines ͑parabolic curves in the plane of squared detunings͒, correspond to the condition ā 0 ϭa thr , and intersect the boundaries of the bistability domain in tangent points D. They enclose the bistability domain in the case of large detunings ⌬ a . Nevertheless, bistability can also be obtained in the region of large detunings, since with an increase of the gain coefficient g 0 tangent points go to the region of large detunings along the unchanged dashed lines. In this case the bistability domain does not include the vicinity of zero detunings, and breaks into two parts, corresponding to opposite signs of ⌬ g . Now let us consider stability of the plane-wave solutions against small perturbations ͑modulation instability͒. Linearizing Eq. ͑2.9͒ with respect to perturbations of the type Ē ͑ x,t ͒→e it ͱI ͑ 1ϩu 1 e ␥tϩix ϩu 2 *e ␥*tϪix ͒, one can find an expression for the dependence of perturbation growth rate ␥ on modulation spatial frequency :
It follows from Eq. ͑3.5͒ that modulation instability exists in the range 0Ͻ 2 Ͻ2 max 2 , when Im͓I f Ј(I)͔Ͼ0. Here max 2 ϭIm͓I f Ј(I)͔. The maximum growth rate is given by Fig. 2 is determined by the condition Im͓ f Ј(I)͔ϭ0. Since positive values ⌬ g correspond to radiation self-focusing in the active medium, the domain of modulation instability appears to the right from dotted curve 3.
IV. LOCALIZED STRUCTURES FOR INERTIONLESS NONLINEARITY: EFFECT OF FREQUENCY DETUNINGS
The simplest type of stationary localized structure is a motionless DOLS. The steady-state envelope of such a DOLS does not depend on the values of the relaxation times g,a , whereas its stability is relaxation dependent. In this section we consider the stability and bifurcations of a stationary DOLS for the case of inertionless nonlinearity. For zero frequency detunings such a study was performed in Refs. ͓26,30͔. Therefore, here we concentrate on the case of nonzero frequency detunings. In dimensional units, the width of the DOLS is typically about the effective Fresnel zone X F , and depends slightly on gain. Note that laser DOLS's exist both without and with a modulational instability of homogeneous field distributions, as well as in the case of driven nonlinear interferometers ͓31,32͔.
For dϭ0 we seek for solution of Eq. ͑2.7͒ in the form
with A(x)→0 for x→Ϯϱ. Substituting Eq. ͑4.1͒ into Eq. ͑2.9͒, we obtain the following ordinary differential equation for the DOLS envelope:
with f (͉A͉ 2 ) defined by Eq. ͑2.8a͒. The value of the spectral parameter ␣ describing the frequency shift of the DOLS is to be determined. After the substitution A(x)ϭ(x)e i⌽(x) , Eq. ͑4.2͒ can be rewritten in the forms ͓13,26͔
where qϭ‫ץ‬ x ⌽, kϭ Ϫ1 ‫ץ‬ x , and ‫ץ‬ x ϵ‫ץ/ץ‬x. Equations ͑4.3͒ have two spatially homogeneous solutions L Ϯ which correspond to zero laser field: ϭ0, q Ϯ ϭϮ"
, and k Ϯ ϭ f 01 /2q Ϯ . Here f 01 ϭRe f (0)ϭϪ1ϩḡ 0 Ϫā 0 and f 02 ϭIm f (0) ϭϪ(ḡ 0 ⌬ g Ϫā 0 ⌬ a ). These two solutions represent the nonlasing regime; see Sec. III. Linearization of Eqs. ͑4.3͒ in the vicinities of the fixed points L Ϯ shows that each of the solutions L Ϯ has a single real eigenvalue and a pair of complex conjugated eigenvalues defined by 1 Ϯ ϭk Ϯ , 2 Ϯ ϭϪ2(k Ϯ ϩiq Ϯ ), and 3 Ϯ ϭ 2 Ϯ * . Since in the bistability domain we have f 01 Ͻ0, the fixed point L Ϫ (L ϩ ) is a saddle-focus with a 1D unstable ͑stable͒ manifold and a 2D stable ͑unstable͒ manifold. A stationary DOLS corresponds to heteroclinic trajectory of Eqs. ͑4.3͒ connecting the fixed points L ϩ and L Ϫ . Therefore, we need to find bifurcation points in the parameter space for which Eqs. ͑4.3͒ have a heteroclinic trajectory of the type described. Specifically, a fundamental ͑single-humped͒ DOLS corresponds to the simplest ͑''single-pass''͒ heteroclinic trajectory that visits vicinities of the fixed points L Ϫ to L ϩ only once. It was shown in Ref. ͓26͔ that the existence of such a DOLS implies the existence of an infinite number of multi-humped, or combined DOLS's, that can be considered as a coupled state of two or more single DOLS's. Due to the symmetry property ͑2.11͒, after an appropriate shift along the x axis the envelope A(x) of the motionless DOLS can be taken as either even or odd function of x. Note that, according to Ref. ͓26͔, the intensity of any stationary DOLS cannot have more than one zero at a finite transverse coordinate x. Hence for an odd function A(x) there is only one zero at xϭ0, and no zeros for even functions A(x). In particular, for the symmetric ͓with an even function A(x)͔ three-particle DOLS shown in Fig. 3 , there are no exact intensity zeros. As follows from Fig. 3͑b͒ , the zeros of real and imaginary parts of the complex envelope A(x) are slightly split. Note that Fig. 3 presents results of a direct solution of the partial differential equation ͑2.9͒. We solve this and similar equations ͑2.3͒ numerically by the splitting method, with the use of an algorithm of fast discrete Fourier transformation ͓6,16͔. Now let us consider the DOLS stability against small perturbations. In this section we deal with the simplest case of inertionless media, when the laser dynamics is described by Eq. ͑2.9͒. An unperturbed solution has the form of Eq. ͑4.1͒, with the envelope A(x) obeying Eq. ͑4.2͒. Substituting slightly perturbed solutions
into real and imaginary parts of Eq. ͑2.9͒ and neglecting second and higher terms with respect to small perturbation ␦V, we obtain the linear equation L 0 ␦V(x)ϭ␦V"x… for the eigenvalues , determining the stability of the DOLS. Here the linear operator
͑4.5͒
with F Ϯ (A,A*)ϭ f (I 0 )ϩ f Ј(I 0 )(I 0 ϮA 2 ), I 0 ϭ͉A͉ 2 , and
In the bistability domain, where the nonlasing regime A ϭ0 is stable, the continuous spectrum of operator ͑4.5͒ lies in the left half-plane of the complex plane ϭRe ϩi Im , and does not produce instability. Therefore, we can restrict our consideration to the discrete spectrum.
Due to the symmetry properties ͑2.10͒ and ͑2.11͒, the discrete spectrum of operator ͑4.5͒ includes a triply degenerate zero eigenvalue. Two corresponding eigenvectors, or ''neutral modes,'' are designated by ⌿ 1,2 (x) ϭ(Re 1,2 ,Im 1,2 ) T , with 1 ϭiA and 2 ϭ‫ץ‬ x A. These eigenvectors obey the equation L 0 ⌿ 1,2 (x)ϭ0. The third zero eigenvalue is associated with the symmetry property ͑2.11͒, and corresponds to the adjoint vector ⌿ 3 (x) ϭ(Re 3 ,Im 3 ) T with 3 ϭϪixA/2 obeying the equation
. Note that, due to the symmetry property of the fundamental DOLS envelope A(Ϫx)ϭϮA(x), the two neutral modes ⌿ 1 (x) and ⌿ 2 (x) have opposite parities. Specifically, for a ''one-particle'' DOLS with an even function A(x)ϭA(Ϫx), we have ⌿ 1 (x)ϭ⌿ 1 (Ϫx) and ⌿ 2 (x) ϭϪ⌿ 2 (Ϫx). Moreover, since L 0 (x)ϭL 0 (Ϫx), any eigenvector of the linear operator L 0 is either even or odd. Therefore, it is possible to study the stability with respect to even ͑symmetric͒ and odd ͑antisymmetric͒ perturbations separately. The discrete spectrum of the linear operator ͑4.5͒ was calculated numerically for a fundamental DOLS with different frequency detunings ⌬ g and ⌬ a . The boundaries of the DOLS existence and stability are shown in Fig. 4 . The stationary DOLS is stable in the central area, including the coordinate origin ⌬ g ϭ⌬ a ϭ0. The stability boundaries are given by curves 1 and 2. At the saddle-node bifurcation curves 2, a stable DOLS merges with an unstable one and disappears. We found also an additional bifurcation that is not shown in Fig. 4 , since it is very close to the upper part of curves 2. At the Andronov-Hopf bifurcation curves labeled 1 there is a pair of pure imaginary eigenvalues , corresponding to even perturbations. In this case, destabilization of a stationary DOLS results in the arising of spatially inhomogeneous nonstationary regimes. Examples of such a regime, obtained by a numerical solution of Eq. ͑2.9͒, are given in Fig. 5 . At the point of the Andronov-Hopf bifurcation, the period of DOLS oscillations is 2/Im . It should be particularly emphasized that here we study an Andronov-Hopf bifurcation of an inhomogeneous ͑localized͒ field distribution, contrary to instabilities of homogeneous distributions ͑see, e.g., Refs. ͓6,14,33͔͒. Periodically oscillating DOLS's As pointed out above, we consider a transversely 1D laser with a single mode regime for the second transverse coordinate y. For transversely 2D lasers, there exist y-independent stripe patterns with the same field dependence on x as for the 1D laser. However, we have shown that these patterns are modulationally unstable. To find the small perturbation growth rate, one has to generalize expression ͑4.4͒ by inclusion of multipliers exp(Ϯiy). The results of the growth rate calculation are presented in Fig. 6 . The instability takes place in a finite range of perturbation spatial frequency . Different types of stable 2D DOLS's were described in Ref. ͓3͔.
V. EFFECT OF RELAXATION RATES

A. Transversely motionless dissipative structures
In this section we present numerical results concerning the stability of the motionless DOLS's as solutions of Eqs. ͑2.3a͒ with a zero value of the diffusion coefficient d and nonzero values of the population relaxation times g,a Ͼ0. Let us consider a slightly perturbed stationary DOLS ͓Eq. ͑4.1͔͒ defined by Eq. ͑4.4͒, together with
where g (0) (x)ϭḡ "I(x)… and a (0) (x)ϭā "I(x)… are given by Eq. ͑2.6͒. Here, as before, we choose the coordinate origin in such a way that the unperturbed DOLS envelope is an even function of the variable x ͓A(x)ϭA(Ϫx)͔. Due to this fact we can study the stability with respect to even ͑symmetric͒ and odd ͑antisymmetric͒ perturbations separately. Substituting Eqs. ͑4.4͒ and ͑5.1͒ into Eqs. ͑2.3b͒ and ͑2.3c͒, we obtain the linearized equation L ␦V(x)ϭ␦V(x) with ␦V(x)ϭ(Re ␦A,Im ␦A,␦g,␦a)
T .
As in the case of inertionless media, the operator L has two eigenvectors ⌿ 1 (x)ϭ(ϪIm A, Re A, 0, 0) T and ⌿ 2 (x) ϭ‫ץ‬ x (Re A, Im A, g (0) ,a (0) ) T , which are associated with symmetries ͑2.10a͒ and ͑2.10b͒ respectively. However, the ''Galilean transformation'' symmetry ͑2.11͒ is now broken, and, as a result of this, the linear operator L has only two zero eigenvalues; 1 ϭ 2 ϭ0. The third eigenvalue 3 , which was equal to zero in the inertionless limit g,a ϭ0, is in the general case shifted from the origin in the complex plane. Therefore, even if the DOLS is stable for g,a ϭ0, it may be unstable for arbitrary small nonzero relaxation times.
Bifurcation loci for the motionless DOLS as a solution of Eqs. ͑2.9͒ are shown in Fig. 7 . They were plotted using the results of numerical calculation of the discrete spectrum of the operator L . The straight line S indicates the steady-state bifurcation defined by the condition 3 ϭ0. Here the eigenvalue 3 corresponds to an odd eigenvector of the operator L which is different from ⌿ 2 , but coincides with this eigenvector in the limit g,a →0. For sufficiently small g,a the line S defines the stability boundary of the motionless DOLS. When crossing this line from the right, the motionless DOLS becomes unstable, giving rise to a localized structure slowly moving with some definite constant velocity v. The exact value of v depends on the distance from the instability boundary S. Since opposite directions of propagation are equivalent, there exist at least two DOLS's traveling with opposite velocities. If the population difference in the passive medium relaxes much faster than that in the active medium, the motionless DOLS is always unstable. Indeed, for a ϭ0 and g Ͼ0 the passive medium is equally saturated by motionless and travelling DOLS's, while the active medium is less saturated by a travelling DOLS. This situation seems to be more favorable for the existence of a stable traveling DOLS than for a motionless one. With the increase of the relaxation time a the absorption saturation decreases for a traveling DOLS, and for a given g a certain threshold value of a exists above which the motionless DOLS becomes stable. Thus the population relaxation process in an absorbing medium exerts a stabilizing effect on the motionless DOLS. When g,a are large enough, different bifurcation scenario leading to the instability of the motionless DOLS is observed. In this case the stability boundary is associated with the Andronov-Hopf bifurcation. In Fig. 7 the Andronov-Hopf bifurcation curves are marked H, H 1 , and H 2 . The curve H represents an Andronov-Hopf bifurcation with a pair of pure imaginary eigenvalues corresponding to even eigenvectors ͓V(x)ϭV(Ϫx)͔. This bifurcation leads to an oscillating DOLS similar to that shown in Fig. 5 .
Curves H 1 and H 2 correspond to Andronov-Hopf bifurcations with a pair of pure imaginary eigenvalues associated with odd eigenvectors of the linear operator L . The bifurcation curve H 2 terminates at a codimension-2 point of Bogdanov-Takens type ͓35,36͔ marked B in Fig. 7 . Codimension-2 points associated with the interaction between two Andronov-Hopf bifurcations are also present in Fig. 7 . These points are labeled Q. Under certain conditions the existence of this kind of degenerate bifurcation implies the appearance of quasiperiodic and irregular regimes ͓35͔. Points T denote the intersections of the Andronov-Hopf bifurcation curves H and H 1 with the pitchfork bifurcation line S. These points correspond to codimension-2 bifurcations with a single zero and two purely imaginary eigenvalues.
B. Bifurcation to a slowly moving localized structure
In this section we derive an analytical stability condition for motionless DOLS's as solutions of Eqs. ͑2.3a͒ and ͑2.4͒, with nonzero values of relaxation times g,a . To this end, we introduce a perturbation technique for DOLS's with small transverse velocities and d 0. We start with the laser equations in a moving frame of reference. Substituting, in Eqs. ͑2.3a͒ and ͑2.4͒,
where ϭxϪvt, v is the velocity of moving frame accompanying the moving DOLS, is the nonlinear frequency shift for motionless DOLS, and ␣ϭϩ(v 2 /4), we obtain
We are looking for slowly moving DOLS's which can bifurcate from the motionless one. Let g (0) be the bifurcation value of the parameter g corresponding to instability of the motionless DOLS. Then, perturbing the parameter g near the bifurcation point, we obtain
.
Here the small parameter v is the velocity of the slowly moving DOLS to be found. 
We are looking for slowly moving DOLS's in the forms
where E 0 (x)e Ϫi␣t , g (0) (x), and a (0) (x) correspond to a motionless DOLS. Since the original equations are invariant under the transformation (x,v)→(Ϫx,Ϫv), for the fundamental DOLS we obtain
, and kϭ0 and 1. Equating zeroth order terms in v, we obtain
where the envelope of the motionless DOLS E 0 (x) obeys the equation
Equating the first order terms in v, we obtain
with ‫ץ‬ I f (I 0 )ϭ͓d f (I)/dI) IϭI 0 , and I 0 ϭ͉E 0 ͉ 2 .
Note that the linear operator L has zero eigenvalue associated with the eigenvector ⌿ 1 defined by
These vectors obey the relations L ⌿ 1 ϭ0. The adjoint operator L † , which is obtained from Eq. ͑5.5͒ by transposition, has a zero eigenvalue associated with the eigenvectors ⌿ 1 † ϭ( 1 † , 1 † *) T , and 1 † ()ϭϪ 1 † (Ϫ). In order for Eq. ͑5.4͒ to be solvable, its right hand side must be orthogonal to the solution of the adjoint equation L † ⌿ 1 † ϭ0:
͑5.6͒
Equation ͑5.6͒ can be rewritten in the form
with g (0) and a (0) defined by Eq. ͑5.3͒. Equation ͑5.7͒ defines the pitchfork bifurcation of a motionless DOLS into a slowly moving one, and corresponds to a straight line in the plane of parameters ( g , a ). According to Fig. 7 , this line is the stability boundary of the motionless DOLS for moderate values of g and a .
C. Numerical simulations
Here we present the results of study of DOLS stability and bifurcations by numerical solution of Eqs. ͑2.3a͒. In Fig.  8 we show the transverse profile of the intensity dependent diffusion coefficient d(I) ͑curve 3͒, and give its approximation by a constant value estimated in the vicinity of the DOLS intensity maximum ͑line 4͒. Curves 1 and 2 present DOLS transverse intensity profiles calculated for intensity dependent diffusion coefficient d(I) defined by Eq. ͑2.8b͒, and for constant diffusion coefficient d(I)ϭdϭconst, respectively. It follows from Fig. 8 that the approximation of constant diffusion coefficient does not change the DOLS shape essentially. Hence, when solving Eq. ͑2.7͒, one can assume that d is intensity independent.
Our numerical simulations based on Eqs. ͑2.3a͒ confirm the results of the bifurcation analysis given in Sec. V B. Additionally, they permit one to study dynamical regimes far from the bifurcation threshold, and, what is especially important, to find new types of DOLS's.
Stability domains of different types of DOLS's in the ( g , a ) plane are shown in Fig. 9 . Steady-state motionless DOLS's are stable to the left of straight line 1 and curve 2. As discussed in Sec. V B, line 1 ͓see Eq. ͑5.7͔͒ indicates a pitchfork bifurcation from a motionless DOLS into a slowly moving one. The latter type of DOLS is stable in the domain between straight line 1 and curve 3. The pitchfork bifurcation at line 1 is associated with an eigenvalue corresponding to an odd vector ⌿ 3 (x)ϭϪ⌿ 3 (Ϫx). Therefore, unlike the motionless DOLS, the slowly moving one is transversely asymmetric. In other words, leading and trailing edges of a DOLS, which moves in a medium with relaxation, interact with unsaturated and saturated amplification and absorption, respectively. However, when the DOLS velocity is small, FIG. 8 . Comparison of the ''exact'' ͑curves 1 and 3͒ and approximate ͑curves 2 and 4͒ stationary localized structures as solutions of Eq. ͑2.7͒. Transverse profiles of intensity I ͑curves 1 and 2͒ and diffusion coefficient d ͑curve 3 and line 4͒ for stable localized structures are given for Ќg,Ќa ϭ0.03 and ⌬ g,a ϭϪ0.1. Other parameter values are the same as in Fig. 2.   FIG. 9 . Stability domains of different localized structures. Motionless localized structures are stable to the left from curves 1 and 3. Fast localized structures are stable to the right of curve 4. The slowly moving localized structure is stable between curves 1 and 3. Parameters are dϭ0.01 and ⌬ g ϭ⌬ a ϭ0. Other parameters are the same as in Fig. 2. this asymmetry is practically indistinguishable. At the Andronov-Hopf bifurcation curve 2 transition from a motionless steady-state DOLS into a pulsating one occurs. This DOLS is similar to that shown in Fig. 5 .
Numerical simulations revealed the existence of two different types of DOLS's. First, to the right of curve 4, stable DOLS's moving with large transverse velocity ͑''fast DOLS's''͒ can be formed. These structures are characterized by narrower intensity distributions and much greater peak intensities, as compared with slowly moving DOLSs. In Fig.  10 we present transverse profiles of the laser field intensity together with the saturated gain g and the difference between total losses and gain 1ϩaϪg for bistable ''slow'' and ''fast'' localized structures. It follows from this picture that at the leading edge of the fast DOLS the gain is practically unsaturated. The peak of the gain saturation is shifted to the trailing edge. Behind the core of the fast DOLS, there exists a ''refractory period'' zone ͓10͔, in which the gain slowly relaxes to its unsaturated value. Note that the peak intensity of the fast DOLS is much greater than the intensity of the homogeneous steady-state solution which corresponds to the upper branch of the bistability curve ͑see Fig. 1͒ . This property establishes a certain similarity of the fast DOLS's with Q-switching regimes typical of lasers with a saturable absorber.
Second, DOLS's with a periodically varying transverse velocity and an oscillating transverse profile can be excited. Periodic evolution of the DOLS's characteristics is illustrated in Fig. 11 . For the parameters of Fig. 11 the period of oscillations is Tϭ50 ñ , where ñ is the photon lifetime in the cavity.
Different types of DOLS's can coexist in certain parameter domains. A hysteretic behavior that takes place with the change of the population relaxation time in an amplifying medium, is illustrated by Fig. 12. Up to g ϭ0.9 , a motionless DOLS is stable. With an increase of g , this DOLS loses stability, and a slowly moving DOLS arises. The velocity of a slow DOLS increases with g up to a bifurcation into a DOLS with oscillating velocity at g ϭ1.2. As the relaxation time g is further increased, a hysteretic jump to a branch corresponding to fast DOLS's occurs. Then, with a decrease of g , a jump from the branch of the fast DOLS's to the branch of the motionless ones takes place at g ϭ0.9.
VI. CONCLUSION
We have performed a systematic study of the effect of frequency detunings on the properties of DOLS's-localized structures of coherent radiation in dissipative nonlinear optical schemes. In the limit of fast ͑inertionless͒ nonlinearity, the model considered describes both transversely 1D ͑slab͒ lasers with a saturable absorber and single mode fibers with gain and saturable losses. We have analyzed bifurcations of stationary DOLS's, and found a wide domain of detunings where periodically oscillating DOLS's and more complex spatially inhomogeneous nonstationary regimes arise. A hys- FIG. 11. Phase portrait of a localized structure with periodically oscillating velocity. I max is the maximum radiation near-field intensity, P is the total power ͑a͒, I max () is the maximum far-field intensity, and v is the localized structure velocity ͑b͒. Parameters are: a ϭ0.3 and g ϭ1.23. Other parameters are the same as in Fig. 9.   FIG. 12 . Hysteretic change of the localized structure velocity for a ϭ0.3. Other parameters are the same as in Fig. 9 . PRE 61teresis between stationary and nonstationary DOLS's was demonstrated.
Important new features of the DOLS's arise when the relaxation processes in intracavitary active and passive media are taken into account. We present a derivation of the field envelope equation, which includes intensity-dependent effective diffusion coefficient. Linear stability analysis of the simplest transversely motionless DOLS's revealed the conditions of bifurcations of these DOLS's into slowly moving or pulsating ones. Secondary bifurcations of the pulsating DOLS's lead to more complex patterns, with a nonconservation of the number of localized structures. Numerical solution of the envelope equation shows the existence of two new types of DOLS's: ͑i͒ fast DOLS's, i.e., DOLS's moving with large transverse velocity which are similar to Q-switching regimes in a laser with a saturable absorber; and ͑ii͒ DOLS's characterized by a transverse velocity and profile oscillating in time. With a change of the laser parameters, hysteretic jumps between different types of DOLS's occur.
The results presented demonstrate the existence of a large variety of localized structures in dissipative optical systems under bistability conditions. Although only 1D structures were studied here, similar features are expected for two-and three-dimensional DOLS's.
